Abstract. To every morphism χ : L → M of differential graded Lie algebras we associate a functors of artin rings Defχ whose tangent and obstruction spaces are respectively the first and second cohomology group of the cylinder of χ. Such construction applies to Hilbert and Brill-Noether functors and allow to prove with ease that every higher obstruction to deforming a smooth submanifold of a Kähler manifold is annihilated by the semiregularity map. Mathematics Subject Classification (2000): 13D10, 14D15.
Introduction
This paper is devoted, as its ancestors [22] and [23] , to develop algebraic tools that are useful to handle deformation problems over a field of characteristic 0. The philosophy underlying this project, due to Deligne, Drinfeld and Kontsevich, is that every "reasonable" deformation problem is the truncation of an extended deformation problem which is governed by a differential graded Lie algebra (DGLA) and every morphism of deformation theories is induced by an L ∞ -morphism. Usually, the formal deformations of an algebro-geometric structure are described by a functor of Artin rings [1] , [28] . The link between differential graded Lie algebras and functors of Artin rings is given by the Maurer-Cartan equation. More precisely, to every differential graded Lie algebra L it is associated the functor [10] , [11] , [18] , [21] Def L : {Local artinian rings} → {Sets}
x]/2 = 0} gauge (=homotopy) equivalence where m A is the maximal ideal of A. The functor Def L depends only by the quasiisomorphism class of L. In practice, the advantage of this approach concerns especially the study of higher obstructions. Classically these obstructions were studied using Massey products (see e.g. [7] , [25] ) but, as well explained in [29] , "Massey product structures can be very helpful, though they are in general described in a form that is unsatisfactory." In most cases, the replacing of the Massey product structure with the appropriate DGLA structure allow to prove new results and easier proofs of old results. On the other side it is not always easy to determine the right DGLA governing a deformation problem. The first goal of this paper is to develop some algebraic tools that are useful to relate differential graded Lie algebras ad semitrivial deformations; the paper [27] works on the same goal with a different approach. The embedded deformations of a submanifold is the most classical example of semitrivial deformation problem. Roughly speaking, we have a manifold X and a submanifold Z ⊂ X. The idea is to consider the embedded deformation of Z in X as the deformations of the inclusion map Z ֒→ X inducing a trivial deformation Date: v1, july 14, 2005. of X. One other classical example is the Brill-Noether functor, i.e. deformations of a bundle inducing trivial deformation of its cohomology. The key point is the definition of a functor Def χ associated to a morphism χ : L → M of differential graded Lie algebras and the verification that this functor has the same properties of Def L ; in particular the implicit function theorem (Theorem 2.1) still holds. Then, using the trick of path-like objects we see that there exists a new DGLA H such that Def χ = Def H . This construction allows for example to determine a differential graded Lie algebra that governs embedded deformations and avoid the use of higher order differential operators [4] . The second goal is to check the utility of our approach is a series of concrete examples; here we mention only the proof, as a corollary of the main theorem of [23] , of the vanishing of all higher obstructions to embedded deformations under Bloch's semiregularity map (Corollary 10.2). Other applications will (hopely) appear in a forthcoming paper in collaboration with D. Fiorenza.
General notation. We always work over the filed C, although most of the results of algebraic nature are valid over an arbitrary field of characteristic 0. Unless otherwise specified the symbol ⊗ denotes the tensor product over C. The term DGLA means differential Z-graded Lie algebras, while dg-algebra means a differential Z-graded, graded-commutative and associative algebra. By default, every complex manifolds is assumed compact and connected. For every complex manifold X, denote by:
• T X the holomorphic tangent bundle on X.
• A p,q X the sheaf of differentiable (p, q)-forms of X. More generally if E is a holomorphic vector bundle on X we denote by A p,q X (E) the sheaf of differentiable (p, q)-forms of X with values in E and by A p,q
X (E)) the space of its global sections.
• For every submanifold Z ⊂ X, we denote by N Z|X the normal bundle of Z in X.
Background
Let Set be the category of sets and Art the category of local Artinian C-algebras (A, m) with residue field A/m = C. Following [28] , by a functor of Artin rings we intend a covariant functor F : Art → Set such that F(C) = {one element}. By the term Schlessinger's condition we mean one of the four conditions (H 1 ), . . . , (H 4 ) described in Theorem 2.1 of [28] .
The functors of Artin rings are used to describe infinitesimal deformations of algebro-geometric structures. Example 1.1. Let X be a complex manifold and let Z ⊂ X be an analytic subvariety defined by a sheaf of ideals I ⊂ O X . The infinitesimal embedded deformations of Z in X are described by the Hilbert functor Hilb
) be a differential graded Lie algebra; given (A, m) ∈ Art, the set of Maurer-Cartan elements with coefficients in A is by definition
where the DGLA structure on K ⊗ m is given by the natural extension of the differential d and the bracket [, ] .
Since K 0 ⊗ m is a nilpotent Lie algebra, its exponential group exp(K 0 ⊗ m) can be defined as the set {e a | a ∈ K 0 ⊗ m}; we have e a e b = e a•b , where • is the BakerCampbell-Hausdorff product (see e.g. [15] , [24] ). 
is contained in the stabilizer of x. It is easy to verify that for a ∈ K 0 ⊗ m we have e a S x (A)e −a = S y (A), where y = e a * x. We shall call the group S x (A) the irrelevant stabilizer of x.
The functor Def K : Art → Set is defined as the quotient of Maurer-Cartan by the gauge action,
The functor Def K satisfies the Schlessinger's conditions (H 1 ), (H 2 ) (see [28] , [8] ) and its tangent space Def K (C[ǫ]/(ǫ 2 )) is naturally isomorphic to H 1 (K).
We point out for later use that, if H 1 (K) = 0, then the functor Def K is trivial and then for every x ∈ MC K (A) there exists a ∈ K 0 ⊗ m such that x = e a * 0. Definition 1.3. We say that a functor of Artin rings F : Art → Set is governed by a differential graded Lie algebra K if F is isomorphic to Def K . Example 1.4. Let E be a holomorphic vector bundle on a complex manifold X, then the functor of infinitesimal deformations of E is governed by the differential graded Lie algebra
, endowed with the Dolbeault differential and the natural bracket. More precisely if e, g are local holomorphic sections of End(E) and φ, ψ differential forms we define d(φe) = (∂φ)e, [φe, ψg] = φ ∧ ψ[e, g]. We refer to [9] , [16, Chap. VII] , [10, Sec. 9.4] , [6, Pag. 238] for the proof that Def K is isomorphic to the functor of infinitesimal deformations of E. Here we only note that, for every (A, m) ∈ Art and every x ∈ MC K (A), the associated deformation of E over Spec(A) is the bundle whose sheaf of holomorphic section is the kernel of
Mapping cylinder of DGLA morphisms
Let χ : L → M be a morphism of differential graded Lie algebras; by definition the mapping cylinder of χ is the complex (C χ , δ), where C i χ = L i ⊕ M i−1 and the differential δ is defined as
The projection C χ → L is a morphism of complexes and there exist boundary operators
In general does not exist any bracket on the mapping cylinder making C χ a DGLA and the projection C χ → L a Lie morphism. Nevertheless, there exists a natural notion of Maurer-Cartan equation and gauge action and we are able to define the associated deformation functor. For every local Artinian C-algebra (A, m) we define
where the gauge action is given by the formula
We now analyze the main properties of the functors Def χ .
Functoriality. Every commutative diagram of differential graded Lie algebras
(1)
induces a natural transformation of functors Def χ → Def η and a morphism of complexes of vector spaces C χ → C η .
The proof is quite long and, for the clarity of exposition, it is postponed at the end of Section 7.
If K is the kernel of a morphism χ : L → M of DGLA, then there exists natural transformations
Tangent space. The tangent space of a functor F is by definition the space F(C[ǫ]), where ǫ 2 = 0. Therefore
. Two elements (x, a), (y, b) ∈ ker δ are gauge equivalent if and only if there exists
In conclusion the tangent space of Def χ is isomorphic to H 1 (C χ ).
Obstructions. The obstruction space of Def χ is naturally contained in H 2 (C χ ). Consider in fact a small extension in Art
and let (x, e q ) ∈ MC χ (B). Since α is surjective there exists a pair (y,
By Jacobi identity [[y, y], y] = 0, while [h, y] = 0 because the maximal ideal of A annihilates the kernel of α; therefore dh = 0. Since χ(y) = e −p * r = r + e −p * 0, we have
where the last equality follows from the fact that e −p * 0 satisfies the Maurer-Cartan
The cohomology class of (h, p) in H 2 (C χ ) is well defined and is exactly the obstruction of lifting (x, q) to a MC χ (A). A straightforward computation shows that the primary obstruction is the quadratic map
Proof. Using induction on the length of (A, m) ∈ Art it is easy to see that
and then there are no obstructions.
Example: deformations of cohomology groups
Consider a complex of vector spaces over C
where
Note that x ∈ End 1 (V ) satisfies the MaurerCartan equation if and only if (d + x) 2 = 0.
Lemma 3.1. If V, W are quasiisomorphic complexes of C-vector spaces, then the two DGLA End * (V ) and End
Proof. Since every complex of vector spaces contains its cohomology as a subcomplex, it is not restrictive to assume V ⊂ W a subcomplex.
Lie subalgebra and there exists a natural morphism of DGLA K → End * (V ). There exists a commutative diagram of complexes with exact rows
Since Hom * (V, W/V ) is acyclic and γ is a quasiisomorphism, it follows that also α and β are quasi-isomorphisms.
It is clear that the inclusion of DGLA's End
+ (V ) ⊂ End * (V ) induces an isomorphism of deformation functors. Denoting, for notational simplicity, L = End + (V ), for every local Artinian Calgebra (A, m), the Maurer-Cartan elements MC L (A) are exactly the deformations of the differential d over A, while the group exp(L 0 ⊗ m) is the group of automorphisms of the graded A-module V ⊗ A lifting the identity on V .
is a flat A-module and the projection onto the residue field induce an isomorphism
It is clear that the subset of x ∈ MC L (A) giving a deformation of H i (V, d) is stable under the gauge action. We recall that every flat module over an artinian ring is free. Lemma 3.3. In the notation above, if
Proof. This is standard (see e.g. [1] ).
Lemma 3.4. In the notation above, assume that the complex (V, d) is bounded, i.e.
for some pair of integers m ≤ n. Then x ∈ M C L (A) is gauge equivalent to 0 if and only if the (entire) cohomology of (V ⊗ A, d + x) is a deformation of the cohomology of (V, d).
Proof. First we note that every deformations of a vector space over A is trivial and then the cohomology of (
In particular if x is gauge equivalent of 0 then the cohomology of (V ⊗ A, d + x) is isomorphic to the cohomology of (V ⊗ A, d).
since the complex is bounded, the local flatness criterion implies that there exists an isomorphism of complexes (
Choosing an index i, we consider the truncated complex
Then there exists a natural morphism of graded vector spaces
induced by the inclusion T i V ⊂ V and the projection V → T i V . It is straightforward to check that T i is a morphism of DGLA; moreover the commutative diagram
Proposition 3.5. In the notation above, assume it is given a deformation of the
Proof. By definition, the image of Def
The proof is an immediate consequence of Lemma 3.4 and Lemma 3.3.
Example: Brill-Noether functors of vector bundles
Let E, F be holomorphic vector bundles on a compact complex manifold X of dimension n. We want to describe the deformations E t of E such that dim
We have seen that the infinitesimal deformations of E are governed by the differential graded Lie algebra
This means that for every (B, n) ∈ Art
where ∼ denotes isomorphism of deformations. Our attention is devoted to the subfunctor F ⊂ Def L ,
Every x ∈ L i induces naturally morphisms of sheaves
Denoting by
For every x ∈ MC K (B) we denote by E B,x → X × Spec(B) the corresponding deformation of E. We recall that
and then the complex of sheaves
is a fine resolution of F ⊗ E B,x . As a consequence, the cohomology of F ⊗ E B,x is isomorphic to the cohomology of the complex of free B-modules
Then the subfunctor F is the image of Def χ → Def L . In particular, the tangent space of F is the kernel of the natural map
Proof. The first part is an immediate consequence of the results of the previous sections. The tangent space is the kernel of
On the other hand, according to Lemma 3.1 we have
As an application we get a new proof of the following smoothness theorem of Green and Lazarsfeld [14] . Theorem 4.2. In the notation above, if X is compact Kähler, E ∈ Pic 0 (X) and F is a flat unitary bundle, then Def χ is smooth.
Proof. We first point out that, if G is a flat unitary vector bundle on X, then we it makes sense to consider the sheaves Ω i X (G) = ker(∂) of G-valued antiholomorphic differential forms and, by Hodge theory on G, the morphism of complexes
is an injective quasiisomorphism: Since E is flat unitary it is not restrictive to assume E = O X ; the differential graded Lie algebra L is then abelian and isomorphic to the complex (A 0, * X , ∂). Denoting by 
and the differential
For every p we interpret A 0,p
, where the inclusion is described in local holomorphic coordinates z 1 , . . . , z n by
We note that A 0, *
. A straightforward computation shows that, if z 1 , . . . , z n are local holomorphic coordinates, I, J ordered subsets of {1, . . . , n}, a = f dz I ∂ ∂z i ,
Assume now that i : Z ֒→ X is the inclusion of closed smooth complex submanifold.
We denote by N Z|X the normal bundle of Z in X and, for every i ≥ 0, by L i the kernel of the surjective morphisms of fine sheaves
We Let (A, m) be a local Artinian C-algebra, every η ∈ A 0,0
Lemma 5.1. For every local Artinian C-algebra (A, m) and every η ∈ A 0,0 (T X )⊗m we have
Proof. This follows from the definition of the gauge action and the fact that A 0, *
. We denote by L and M the differential graded Lie algebras of global sections of the sheaves L and A 0, *
). The algebra M is called the Kodaira-Spencer DGLA of X and governs the deformations of X. The natural inclusion χ : L → M is a morphism of differential graded Lie algebras and its cokernel M/L is isomorphic to the Dolbeault complex of N Z|X ; in particular for every i ≥ 0
Consider now the associated functor Def χ . Since χ is injective we have, for every local Artinian C-algebra (A, m),
Under this identification the gauge action becomes
and then
There exists an isomorphism of functors θ : Def χ → Hilb Z X . Proof. This is implicitly proved in [5] using the theory of transversely holomorphic trivialization (in the relative case). Here we sketch a different proof. Denote by I = O X ∩ ker(i * ) the holomorphic ideal sheaf of Z and define
Next, we need to prove that θ(e η ) is flat over A and θ(e η ) ⊗ A C = I; clearly we can prove the same properties for the sheaf e −η (θ(e η )). According to Lemma 5.1
X ⊗ A), and then e −η (θ(e η )) = (ker(i * ) ⊗ A) ∩ ker(∂ + e −η * 0).
Since flatness is a local property it is not restrictive to assume X a Stein manifold and H 1 (X, T X ) = 0 and H 1 (X, T X ) → H 0 (Z, N Z|X ) surjective. This implies that H 1 (L) = 0 and then the functor Def L is trivial. In particular there exists µ ∈ L 0 ⊗m such that e −µ * 0 = e −η * 0 and therefore
This proves that θ : Def χ → Hilb Z X . It is well known (see e.g [17] ) that the functor Hilb Z X is prorepresentable, its tangent space is H 0 (Z, N Z|X ) and its obstructions are in H 1 (Z, N Z|X ). Therefore, in order to prove that θ is an isomorphism it is sufficient to prove that it is bijective on tangent space and injective on obstruction space. This is a straightforward computation and it is left to the reader.
In analogy with rational homotopy theory (see also next Remark 6.8), it is possible to define the Whitehead product
in the following way. For every cohomology class a ∈ H i (Z, N Z|X ) we denote bỹ a ∈ A 0,i X (T X ) = M i a differential form that lifts a. This means in particular that dã ∈ L i+1 andã is defined up to elements
as the cohomology class of 1 2
b]). It is easy to verify that [ , ] W
is well defined and induces a structure of graded Lie algebra on the space ⊕V i ,
Corollary 5.3. The primary obstruction map of Hilb Z X is equal to
Proof. This follows from the description of the primary obstruction map of the functor Def χ .
Review of extended deformation functors
Here we review the basic definitions and properties of extended deformation functors, introduced in [22] . We denote by:
• C the category of all nilpotent finite dimensional dg-algebras over C.
• C 0 the full subcategory of C whose objects are the dg-algebras A ∈ C with trivial multiplication, i.e. A·A = 0.
In other words an object in C is a finite dimensional complex A = ⊕A i endowed with a structure of dg-algebra such that A·A · · · (n factors) · · · A = 0 for n >> 0. Note that if A = A 0 is concentrated in degree 0, then A ∈ C if and only if A is the maximal ideal of a local artinian C-algebra with residue field C.
There is an obvious equivalence between C 0 and the category of finite dimensional complexes of C-vector spaces.
If A ∈ C and I ⊂ A is a differential ideal, then also I ∈ C and the inclusion I → A is a morphism of dg-algebras. 
is bijective. 6.2.3: For every surjective morphism α : A → C in C, with C ∈ C 0 an acyclic complex, the natural morphism
is bijective. 6.2.4: For every pair of morphisms α : A → C, β : B → C in C, with α surjective, the natural map
is surjective 6.2. Example 6.4. Let L be a differential graded Lie algebra and A ∈ C; then the tensor product L ⊗ A has a natural structure of nilpotent DGLA with
Every morphism of DGLA, L → N and every morphism A → B in C give a natural commutative diagram of morphisms of differential graded Lie algebras
It is a deformation functor in the sense of 6.3.
Example 6.5. The (extended) deformation governed by L are by definition given by the functor
It is proved in [22] that Def L is a deformation functor in the sense of Definition 6.3.
For every predeformation functor F and every A ∈ C 0 there exists a natural structure of vector space on F (A), where the sum and the scalar multiplication are described by the maps
Definition 6.6. Let F be a deformation functor and denote T F [1] n = T n+1 F = F (Cǫ), where ǫ is an indeterminate of degree −n ∈ Z such that ǫ 2 = 0. The graded vector space T F [1] = n∈Z T F [1] n is called the tangent space of F . A natural transformation F → G of deformation functors is called a quasiisomorphism if induces an isomorphism on tangent spaces, i.e. if T n F → T n G is bijective for every n. Remark 6.8. It is proved in [22] that for every deformation functor F it is defined the Whitehead product on its tangent space
inducing a graded Lie algebra structure on ⊕T n F . As in the topological case (see e.g. [30, p. 111] ), the product [ , ] W measure the obstruction to lifting a map from a wedge (of spheres in topology and of dg-fat points in deformation theory) to a product. In the topological analogy, the space π i (X) ⊗ Q corresponds to T F [1] −i , where F = Mor(−, X).
Extended deformations from cylinders
The aim of this section is to interpret the functors exp L and Def L as special cases of a suitable functor Def χ , where χ is a morphism of differential graded Lie algebras.
Definition 7.1. Let χ : L → M be a morphism of differential graded Lie algebras. The (extended) Maurer-Cartan functor MC χ : C → Set is defined as
where * is the gauge action of exp
Proof. It is evident that MC χ (0) = 0 and for every pair of morphisms α : A → C, β : B → C in C we have
and then MC χ satisfies properties 6.2.1, 6.2.2, 6.2.3 and 6.2.4. Let 0−→I−→A α −→B−→0 be an acyclic small extension and (x, e q ) ∈ MC χ (B). Since α is surjective there exists a pair (y, This means that dz = 0 and then, since M ⊗ I is acyclic, there exists r ∈ (M ⊗ I) 0 such that e r e p * χ(x) = e r * z = z − dq = 0 and then (x, e r e p ) ∈ MC χ (A) is a lifting of (x, e q ).
In other words, Def χ (A) is the set of orbits of the action
((e a , e db ), (x, e q )) → (e a * x, e db e q e −χ(a) ).
Notice that exp(d(M ⊗ A) −1 )) is the irrelevant stabilizer of 0. We have:
Proof. If C ∈ C 0 then L ⊗ C and M ⊗ C are abelian differential graded Lie algebras and
Therefore Def χ (C) is isomorphic to the H 1 of the mapping cylinder of χ : L ⊗ C → M ⊗ C. If C is acyclic then Def χ (C) = 0; we have proved that Def χ satisfies the second condition of Definition 6.3 and remains to prove that Def χ is a predeformation functor. Since Def χ is the quotient of the predeformation functor MC χ , the conditions 6. Assume there are given (a, e p ) ∈ MC χ (A), (b, e q ) ∈ MC χ (B) such that α(a, e p ) and β(b, e q ) give the same element in Def χ (C); then there exist u ∈ (L ⊗ C) 0 and k ∈ (M ⊗ C) −1 such that
Let v ∈ (L ⊗ A) 0 be a lifting of u and h ∈ (M ⊗ A) −1 be a lifting of k.
Replacing (a, e p ) with its gauge equivalent element (e v * a, e dh e p e −χ(v) ), we may suppose α(a, e p ) = β(b, e q ) and then the pair ((a, e p ), (b, e q )) lifts to MC χ (A × C B): this proves that the map
is surjective. Verification of 6.2.3 Assume C ∈ C 0 acyclic, α : A → C surjective and denote D = ker(α). Let (a 1 , e p 1 ), (a 2 , e p 2 ) ∈ M C χ (D), u ∈ (L ⊗ A) 0 and k ∈ (M ⊗ A) −1 be such that a 2 = e u * a 1 and e p 2 = e dk e p 1 e −χ(u) . We want to prove that there exist v ∈ (L ⊗ D) 0 and f ∈ (M ⊗ D) −1 such that e v * a 1 = a 2 and e p 2 = e df e p 1 e −χ(v) . Since α(a 1 ) = α(a 2 ) = 0 and L ⊗ C is an abelian DGLA we have 0 = e α(u) * 0 = 0 − dα(u) and then
, then e w belongs to the irrelevant stabilizer of a 1 and therefore (e u e w ) * a 1 = e u * a 1 = a 2 . Writing e u e w = e v , we claim that v ∈ L ⊗ D:
On the other hand, e χ(w) belongs to the irrelevant stabilizer of χ(a 1 ) and then there exists l ∈ (M ⊗ A) −1 such that e dk e p 1 e χ(w) = e dl e p 1 ; we can write It is clear that every commutative diagram of morphisms of differential graded Lie algebras
induces a natural transformation of functors
The inverse function theorem implies that such a natural transformation is an isomorphism if and only if the pair (f, f ′ ) induce a quasiisomorphism between the mapping cylinder of χ and η. Define, fore every a ∈ C the evaluation morphism
is a morphism of DGLA which is a left inverse of the inclusion i; in particular e a is a surjective quasiisomorphism for every a.
Theorem 7.6. For every morphism χ : L → M of differential graded Lie algebras, the fiber product
is a differential graded Lie algebra and Def H = Def χ .
Passing to cylinders we get an isomorphism (f, Id) : H * (C χ ) → H * (C e 0 ) and H is the kernel of the surjective morphism e 0 .
Proof of Theorem 2.1. By definition, for every (A, m) ∈ Art and every χ : L → M we have Def χ (A) = Def χ (m). The proof follows from Theorem 7.4 and inverse function theorem 6.7.
pre-L ∞ -morphisms
We denote by Σ m the symmetric group of permutations of the set {1, 2, . . . , m} and, for every 0 ≤ p ≤ m by S(p, m − p) ⊂ Σ m the set of unshuffles of type (p, m − p). By definition σ ∈ S(p, m − p) if and only if σ 1 < σ 2 < · · · < σ p and σ p+1 < σ p+2 < · · · < σ m . Let V = ⊕V i be a Z-graded vector space, for every integer n we denote by
The graded m-th tensor power of a graded vector space V is denoted by m V and the graded m-th symmetric power of V is denoted by m V . Graded symmetric means that we use the Koszul sign convention: when two symbols of degrees k and l are permuted the result is multiplied by (−1) kl . There exists a natural projection map π : m V → m V and we denote
For σ ∈ Σ m and a 1 , . . . , a m ∈ V homogeneous, the Koszul sign ǫ(V, σ; a 1 , . . . , a m ) = ±1 is defined by the rule
For simplicity of notation we will write ǫ(V, σ) when the elements a 1 , . . . , a m are clear from the context.
The reduced graded symmetric algebra generated by V is by definition the vector space
endowed with the product ⊙.
We denote by C(V ) the reduced graded symmetric coalgebra generated by V [1]; more precisely it is the graded vector space
endowed with the coproduct ∆ :
, is a morphism of graded vector spaces φ :
Equivalently a pre-L ∞ -morphism is a sequence of linear maps of degree 0
In particular every morphism of graded vector spaces φ 1 : V → W can be interpreted as a pre-L ∞ -morphism (setting φ n = 0 for every n > 1).
where f ⊙m is the composition of f ⊗m :
) with the projection onto the symmetric product
) (for a proof see e.g. [24] ). Since
is the projection, there exists a bijection between the set of morphisms of graded coalgebras C(V ) → C(W ) and the set of pre-L ∞ -morphisms C(V ) → W [1] . This bijection is used to define composition of pre-L ∞ -morphisms.
L ∞ -morphisms of DGLA
We denote by DGLA the category of differential graded Lie algebras. 
It is well known that the Quillen codifferential δ is a coderivation of degree 1 of the graded coalgebra C(V ) and δ 2 = 0 [26] . is an L ∞ -morphism and then Mor DGLA (V, W ) ⊂ Mor L∞ (V, W ).
We refer to [9] , [12] , [18] , [19] , [20] , [24] , [29] , for the general theory of L ∞ -morphisms. Every L ∞ -morphism f ∈ Mor L∞ (V, W ) induces a natural transformation of functors f : Def V → Def W . This is not trivial to see and we refer to [22] for a proof of this fact. Here we only recall that for every A ∈ C and every solution of the MaurerCartan equation x ∈ (V ⊗ A) 1 = (V ⊗ A) [1] 0 , the element n>0 f A (x ⊙n )/n! ∈ (V ⊗ A) [1] 0 (see Example 9.3) is still a solution of the Maurer-Cartan equation. 
with f, f ′ L ∞ -morphisms, induces a morphism of complexes α : C χ → C η and a natural transformation of functors β : Def χ → Def η . Moreover α and β induce the same morphism on tangent spaces.
Proof. The linear parts of f, f ′ give a commutative diagram of complexes
and therefore also a morphism α of cilynders. Theorem 10.1. In the above notation, F is an L ∞ -morphism such that F (C(L)) = 0.
Proof. The proof of the first part goes exactly as the proof of Theorem 8 of [23] .
Since h • i a = 0 for every a ∈ L, the restriction of F to C(L) is equal to 0.
Corollary 10.2. In the above notation, the obstructions to embedded deformations of Z into X are contained in the kernel of θ 1 .
Proof. By Theorem 10.1 there exists a commutative diagram
